Abstract This paper analyzes the flow and heat and mass transfer characteristics of the free convection on a vertical plate with variable wall temperature and concentration in a doubly stratified micropolar fluid. A uniform magnetic field is applied normal to the plate. The governing non-linear partial differential equations are transformed into a system of coupled non-linear ordinary differential equations using similarity transformations and then solved numerically using the Keller-box method. The numerical results are compared and found to be in good agreement with previously published results as special cases of the present investigation. The non-dimensional velocity, microrotation, temperature and concentration are presented graphically for various values of magnetic parameter, coupling number, thermal and solutal stratification parameters. In addition, the Nusselt number, the Sherwood number, the skin-friction coefficient, and the wall couple stress are shown in a tabular form.
Introduction
Free convection of heat and mass transfer in non-Newtonian fluid has great importance in engineering applications; for instance, the thermal design of industrial equipment dealing with molten plastics, polymeric liquids, foodstuffs, or slurries. Many of the non-Newtonian fluid models describe the non-linear relationship between stress and the rate of strain. But the fluid model introduced by Eringen [1] exhibits some microscopic effects arising from the local structure and micromotion of the fluid elements. Further, they can sustain couple stresses and include classical Newtonian fluid as a special case. The model of micropolar fluid represents fluids consisting of rigid, randomly oriented (or spherical) particles suspended in a viscous medium where the deformation of the particles is ignored. Micropolar fluids have been shown to accurately simulate the flow characteristics of polymeric additives, geomorphological sediments, colloidal suspensions, hematological suspensions, liquid crystals, lubricants, etc. The mathematical theory of equations of micropolar fluids and applications of these fluids in the theory of lubrication and in the theory of porous media are presented by Lukaszewicz [2] .
In recent years, several simple boundary layer flow problems have received new attention within the more general context of magnetohydrodynamics (MHD). Free convection in electrically conducting fluids through an external magnetic field has diverse applications in the fields such as nuclear reactors, geothermal engineering, liquid metals and plasma flows ,petroleum industries, the boundary layer control in aerodynamics and crystal growth. Several authors have studied the problem of MHD free convection, heat and mass transfer about different surface geometries in electrically conducting micropolar fluids [3] [4] [5] [6] , and porous medium [7, 8] . Chamkha et al. [9] investigated the effects of non-Darcian and thermal dispersion of steady, laminar, double-diffusive natural convection boundary layer flow of a micropolar fluid over a vertical permeable semi-infinite plate embedded in a uniform porous medium. Seddek et al. [10] obtained analytical solution for the effect of radiation on flow of a magneto-micropolar fluid past a continuously moving plate with suction and blowing. Das [11] analyzed the effect of first order chemical reaction and thermal radiation on MHD free convection heat and mass transfer flow of a micropolar fluid via a porous medium bounded by a semi-infinite porous plate with constant heat source in a rotating frame of reference. Bakr [12] considered the steady and unsteady MHD micropolar flow and mass transfers flow with constant heat source in a rotating frame of reference, taking an oscillatory plate velocity and a constant suction velocity at the plate.
Stratification of fluid arises due to temperature variations, concentration differences, or the presence of different fluids. In practical situations where the heat and mass transfer mechanisms run parallel, it is interesting to analyze the effect of double stratification (stratification of medium with respect to thermal and concentration fields) on the convective transport in micropolar fluid. The analysis of free convection in a doubly stratified medium is a fundamentally interesting and important problem because of its broad range of engineering applications. These applications include heat rejection into the environment such as lakes, rivers, and seas; thermal energy storage systems such as solar ponds; and heat transfer from thermal sources such as the condensers of power plants. Although the effect of stratification of the medium on the heat removal process in a fluid is important, very little work has been reported in literature [13] [14] [15] [16] . Cheng [17] considered the combined heat and mass transfer in natural convection flow from a vertical wavy surface in a power-law fluid saturated porous medium with thermal and mass stratification. Cheng and Lee [18] analyzed the free convection on a vertical plate with uniform and constant heat flux in a thermally stratified micropolar fluid.
The aim of the present work is to investigate the effects of transverse magnetic field, thermal and solutal stratification on the free convection heat and mass transfer from a vertical plate embedded in a micropolar fluid. The problem addressed here is a fundamental one that arises in many practical situations studying heat and mass transfer characteristics of industrially important fluids including fossil fuels which exhibit non-Newtonian characteristics. Majority of the studies, available in the literature, on convective heat and mass transfer in a stratified micropolar fluids deal with local similarity solutions and/or non-similarity solutions. Hence, the motivation of this paper is to obtain similarity solutions for free convection heat and mass transfer along a vertical plate embedded in a stable doubly stratified micropolar fluids. It is established that similarity solutions are possible only when the variation in the temperature and concentration flux is linear functions of the distance from the leading edge measured along the plate. The Kellerbox method given in Cebeci and Bradshaw [19] is employed to solve the non-linear system of this particular problem. The effects of various parameters on the velocity, microrotation, temperature, and concentration are presented graphically. The skin friction coefficient, wall couple stress, heat and mass transfer rates are tabulated. The present investigations can be utilized as a basis for studying more complex systems that arise in engineering and industrial application.
Mathematical formulation
Consider a steady, laminar, incompressible, two-dimensional free convective heat and mass transfer along a semi-infinite vertical plate embedded in a doubly stratified, electrically conducting micropolar fluid. Choose the coordinate system such that x axis is along the vertical plate and y axis normal to the plate. The physical model and coordinate system are shown in Fig. 1 . The plate is maintained at temperature T w (x) and concentration C w (x). The temperature and the mass concentration of the ambient medium are assumed to be linearly stratified in the form T 1 (x) = T 1,0 + A 1 x and C 1 (x) = C 1,0 + B 1 x, respectively, where A 1 and B 1 are constants and varied to alter the intensity of stratification in the medium and T 1,0 and C 1,0 are the beginning ambient temperature and concentration at x = 0, respectively. A uniform magnetic field of magnitude B 0 is applied normal to the plate. The magnetic Reynolds number is assumed to be small so that the induced magnetic field can be neglected in comparison with the applied magnetic field. 
Effect of double stratification on MHD free convection in a micropolar fluid
Using the Boussinesq and boundary layer approximations, the governing equations for the micropolar fluid are given by
where u and v are the components of velocity along x and y directions, respectively, x is the component of microrotation whose direction of rotation lies in the xy-plane, g * is the gravitational acceleration, T is the temperature, C is the concentration, b T is the coefficient of thermal expansions, b c is the coefficient of solutal expansions, B 0 is the coefficient of the magnetic field, l is the dynamic coefficient of viscosity of the fluid, j is the vortex viscosity, j is the micro-inertia density, c is the spin-gradient viscosity, r is the magnetic permeability of the fluid, m is the kinematic viscosity, a is the thermal diffusivity, and D is the molecular diffusivity.
The boundary conditions are:
where the subscripts w and 1 indicate the conditions at wall and at the outer edge of the boundary layer, respectively.
Method of solution
The continuity Eq. (1) is satisfied by introducing the stream function w such that
In order to explore the possibility for the existence of similarity, we assume
hðgÞ ¼
where A, B, E, M 1 , N 1 , a, b, e, m and n are constants. Substituting (7) and (8) in (2)- (5), it is found that similarity exists only if a = 1, b = 0, c = 1, m = n = 1 Hence, appropriate similarity transformations are
Making use of the dimensional analysis, the constants A, B, E, M 1 and N 1 have, respectively, the dimensions of velocity, reciprocal of length, the reciprocal of the product of length and time, the ratio of (temperature/length) and of the ratio (concentration/length). Substituting (9) into Eqs. (2)- (5), we obtain
where primes denote differentiation with respect to similarity
is the buoyancy parameter, M ¼ The boundary conditions (6) in terms of f, g, h and / become at g ¼ 0 : fð0Þ ¼ 0; f 0 ð0Þ ¼ 0; gð0Þ ¼ 0;
as g ! 1 : f 0 ð1Þ ! 0; gð1Þ ! 0; hð1Þ ! 0;
The wall shear stress and the wall couple stress are
The non-dimensional skin friction C f ¼ 2sw qA 2 and wall couple stress M w ¼ B qA 2 m w , where A is the characteristic velocity, are given by 
Results and discussion
The flow Eqs. (10) and (11) which are coupled, together with the energy and concentration Eqs. (12) and (13), constitute non-linear non-homogeneous differential equations for which closed-form solutions cannot be obtained. Hence, the governing Eqs. (10)- (13) have been solved numerically using the Keller-box implicit method [19] . This method has a second order accuracy, unconditionally stable and is easy to be programmed, thus making it highly attractive for production use. A uniform grid was adopted. The calculations are repeated until some convergent criterion is satisfied, and the calculations are stopped when df 00 (0)
À8
. In the present study, the boundary conditions for g at 1 are replaced by a sufficiently large value of where the velocity, temperature, and concentration approach zero. In order to see the effects of step size (Dg)
on the physical quantities of the flow, the remaining parameters are fixed as L = 1, k = 1 and J ¼ 0:1. The values of micropolar parameters k and J are chosen so as to satisfy the thermodynamic restrictions on the material parameters given by Eringen [1] .
In the absence of coupling number N, magnetic parameter M , thermal stratification parameter e 1 and solutal stratification parameter e 2 and buoyancy number L with k ¼ J ¼ 0; Pr ¼ 1:0 and Sc = 0.24, the results have been compared with the exact values [20] and the series solutions obtained by Merkin [20] and found that they are in good agreement, as shown in Table 1 .
The non-dimensional velocity, microrotation, temperature, and concentration profiles for different values of magnetic parameter are illustrated in Figs. 2-5 with N = 0.5, e 1 = 0.1 and e 2 = 0.2. It is observed from Fig. 2 that the velocity decreases as the magnetic parameter (M) increases. This is due to the fact that the introduction of a transverse magnetic field, normal to the flow direction, has a tendency to create the drag known as the Lorentz force which tends to resist the flow. Hence, the horizontal velocity profiles decrease as the magnetic parameter M increases. From Fig. 3 , it is clear that the microrotation component increases near the plate and deceases far away from the plate for increasing values of M. It is noticed from Fig. 4 that the temperature increases with increasing Table 1 Comparison between skin friction f 00 (0) and h 0 (0) calculated by the present method and that of Exact values and Merkin [20] for N = M = S r = D f = L = 0 and Pr = 1.0. The effect of thermal stratification parameter e 1 on the nondimensional velocity, microrotation, temperature and concentration is shown in Figs. 10-13 with M = 1.0, N = 0.5 and e 2 = 0.2. It is observed from Fig. 10 that the velocity decreases with the increase in thermal stratification e 1 . This is because thermal stratification reduces the effective convective potential between the heated plate and the ambient fluid in the medium. Hence, the thermal stratification effect reduces the velocity in the boundary layer. From Fig. 11 , we observe that the values of microrotation change sign from negative to positive within the boundary layer. Also, it is clear that the magnitude of the microrotation increases with an increase in thermal stratification parameter. It is noticed from Fig. 12 that the non-dimensional temperature of the fluid decreases with the increase in thermal stratification parameter. When the thermal stratification effect is taken into consideration, the effective temperature difference between the plate and the ambient fluid will decrease; therefore, the thermal boundary layer is thickened and the temperature is reduced. Fig. 13 demonstrates that the concentration of the fluid increases with the increase of thermal stratification parameter. It can be noted that the effect of the stratification on temperature is the formation of a region with a temperature deficit (i.e., a negative dimensionless temperature). This is in tune with the observation made in references [15, [21] [22] [23] [24] [25] The dimensionless velocity component, microrotation, temperature and concentration for different values of solutal stratification parameter e 2 with with M = 1.0, N = 0.5 and e 1 = 0.1, are depicted in Fig. 14-17. From Fig. 14, it is observed that the velocity of the fluid decreases with the increase in solutal stratification parameter. From Fig. 15 , we observe that the microrotation values change sign from negative to positive within the boundary layer. Also, it is clear that the magnitude of the microrotation increases with an increase in solutal stratification parameter. It is noticed from Fig. 16 the temperature of the fluid increases with the increase of solutal stratification parameter. It is clear from Fig. 17 that the nondimensional concentration of the fluid decreases with the increase of thermal stratification parameter. Table 2 shows the effects of the coupling number N, Prandtl number Pr, Schmidt number Sc, the magnetic parameter M, thermal stratification parameter e 1 and solutal stratification parameter e 2 on the skin friction C f , dimensionless wall couple stress M w , Nusselt number Nu and Sherwood number Sh. It is seen from this table that the skin friction, wall couple stress and heat and mass transfer rates (Nu and Sh) decrease with increasing coupling number N. For increasing values of N, the effect of microstructure becomes significant; hence, the wall couple stress decreases. The skin friction coefficient decreases and the wall couple stress increases with increasing Prandtl number, and it is interesting to note that the reciprocal situation occurs in the case of heat and mass transfer coefficients. i.e., the Nusselt number increases whereas the Sherwood number decreases as Prandtl number increases. The skin friction coefficient and the Nusselt number decreases and the wall couple stress and Sherwood number increases with Schmidt number. The effect of magnetic parameter is to decrease the skin friction coefficient, Nusselt number and Sherwood number whereas increase the wall couple stress. It demonstrates that the skin friction coefficient, Nusselt number and Sherwood number decreases and the wall couple stress increases as e 1 increases. It is clear that the skin friction coefficient, Nusselt number and Sherwood number decreases and the wall couple stress increases as e 2 increases. Furthermore, the skin friction parameter is higher, and wall couple stress parameter is lower for the unstratified fluid (i.e., e 1 = e 2 = 0) than for the stratified fluid (i.e., e 1 > 0 and e 2 " 0). 
Conclusions
Free convection heat and mass transfer in an electrically conducting micropolar fluid over a vertical plate with magnetic, thermal, and solutal stratification effects is considered. Using the similarity variables, the governing non-linear partial differential equations are transformed into a system of coupled non-linear ordinary differential equations and then solved numerically using the Keller-box method.
The higher values of the coupling number N (i.e., the effect of microrotation becomes significant) result in lower velocity distribution but higher temperature and concentration distributions in the boundary layer compared to the Newtonian fluid case An increase in magnetic parameter decreases the velocity, skin friction coefficient and heat and mass transfer rates accompanied by an increase in temperature and concentration distributions and the local wall couple stress. An increase in thermal (solutal) stratification parameter reduces the velocity, temperature (concentration), skin friction, heat and mass transfer rates but enhance the concentration (temperature) and wall couple stress. We observe that the microrotation changes sign from negative to positive values within the boundary layer in the presence of stratification. 
